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An efficient numerical technique to produce accurate solutions to the equations of fluid dynamics is presented.
The governing equations are perturbed about an approximate solution and solved by finite difference methods on a
coarsened grid. This results in a2 scheme that substantially reduces the number of grid points necessary to resolve
the flow accurately. Applications are presented for the two-dimensional Euler equations perturbed about solutions
of the transonic full potential equation. However, the concept is applicable to arbitrary equation sets and higher

dimensions and a wide variety of other applications.

I. Introduction

HE fundamental goal of computational fluid dynamics is

to obtain solutions to the relevant flow equations quickly
and inexpensively for application to problems of engineering
interest. This objective can be met by using a variety of
different approaches, each with inherent advantages and limi-
tations. In finite difference simulations of steady-state flow,
the governing equations are approximated by a large set of
coupled nonlinear algebraic equations. These nonlinear equa-
tions are usually solved iteratively and require the use of
large-scale computers.

To reduce the overall computational time and cost of ob-
taining finite difference solutions to a specified accuracy,
several general strategies have been employed. The most com-
mon approach is to develop a more efficient iteration scheme
that accelerates convergence to the correct steady-state solu-
tion. The second class of strategies consists of methods that
simplify the equation set, i.e., restrict the range of application
to certain flow conditions, such as irrotationality, or simplify
the equation set locally (a zonal-type approach). The aim of
the third class of methods is to reduce the number of points
necessary to achieve a given accuracy. Methods of this type
include higher-order schemes, such as spectral or high-order
Padé methods and solution-adaptive grid techniques. The ap-
proach presented here belongs to this last class of methods,
insofar as it employs a mechanism for reducing the number of
computational points required to achieve a given accuracy.

Following a suggestion briefly outlined by Steger'? and
others,>* an approximate base solution is embedded into the
governing equation. The governing equation is then expressed
in terms of a function that is smooth and gradually varying in
regions where the base solution is an approximate or “nearby”
solution. Such a function can be resolved with fewer grid
points. A simple and readily solved equation set provides the
base solution, which is required to be a good approximation
over most of the flowfield.
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In this paper, the perturbation method is applied to two-
dimensional, steady, inviscid transonic airfoil calculations
using the irrotational flow and Euler equations. However, the
concept is applicable to arbitrary equation sets and higher
dimensions, and it can be used in a wide variety of other
applications. Moreover, traditional means of accelerating iter-
ative convergence can still be used, and the perturbation terms
appear to be readily embedded into any existing finite dif-
ference code.

Sections II and III detail the approach and numerical
procedure. Steady transonic computations are presented and
discussed in Sec. IV. Conclusions and possible extensions are
contained in Sec. V.

II. Approach

Since a smooth, gradually varying function can be accu-
rately resolved with fewer grid points than a rapidly varying
one, the governing equations are reformulated to exploit this
characteristic. The governing equation set is rewritten in terms
of a perturbation about a known nearby or approximate base
solution. The base solution should be one that is easily ob-
tained and that is a good approximation over most of the flow
domain. Thus, in most of the flow domain, the perturbation
quantity (the difference between the two solutions) is a smooth,
gradually varying function and the computational grid can be
coarsened without appreciable loss of accuracy.

This concept is illustrated in Fig. 1, which shows the hypo-
thetical Euler and full potential pressure distributions for
two-dimensional transonic flow over the upper surface of an
airfoil. For a strong shock case, the computed shock location
differs, as does the predicted circulation. However, away from
the shock region, the difference between the solutions is smooth
and a coarse grid can be used for the perturbation form of the
equations. Note that the solution itself can still change rapidly,
especially at the airfoil nose. Thus, a coarse grid cannot be
used for the unperturbed form of the governing equations.

The perturbation approach is outlined below for the steady
two-dimensional Euler equations. The base solution is ob-
tained from the irrotational flow equations.

Perturbation Euler Equations

The steady two-dimensional Euler equations in conserva-
tion law form can be expressed as

3,E(Q) +3,F(Q)=0 (1a)
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where derivatives are approximated with m-order-accurate finite dif-
ference formulas of the form
pu pU
ou pu’ +p puv 8/=39,+0(Ax,)" and 8=, +0(Ax,)" (4b)
- - - = X an =4, x,
Q_' pU 3 E= puv N F= PU2+]7 (1b) X x f X ¢
e u(e+p) v(e+p)

with pressure p = (y — 1)[e — 0.5p(#° + v?)] and p, u, v, and
e are defined as the density, x- and y-direction velocity
components, and total energy per unit volume, respectively.

For transonic flow, one can frequently assume that the
shock waves are weak and treat the flow as irrotational and
isentropic throughout. Then a velocity potential can be de-
fined, which leads to a simplified equation set

3.(pd) +8,(ps,)=0

p=[1—£%;lﬁé+ﬁ—1)

(22)
(2b)

] 1/(y—1)

For steady-state applications, very fast solution algorithms
exist® for solving Eq. (2).

A solution of Eq. (2) is used to form a base solution for Eq.
(1) as follows. By differencing ¢ we can form the elements of
Q= Qy(¢) from u=¢,, v=2¢, and the Bernoulli and isen-
tropic relations. Thus, base solution flux terms E;= E,(¢)
and F, = F,(¢) can be formed. In general, these flux terms do
not satisfy the Euler equations and their boundary conditions.
The potential solution is then embedded into Eq. (1) as

3. Ey+ 0, F,+[0(E-E)+3,(F-F)|=0 (3)

Based on previous arguments, the flowfield can be discretized
using a grid that is very coarse in regions where the quantities
(E — E,) and (F —~ F,) are smooth. Equation (3) is then dis-
cretized as

8/E,+ 8/F)+|85(E~E)+8(F—F)|[=0 (4a
x 0 Yo 0 y 0 \

The base solution is obtained on a fine grid and the partial

where Ax, is a grid spacing on the coarse grid and Ax; a grid
spacing on the fine grid.

In Eq. (4a) the flux derivatives are divided into two groups.
The 8/ and &/ terms represent the fluxes formed from the
potential solution and finite differenced on a fine grid. The &¢
and 8 terms represent a coarse-grid differencing of the per-
turbation fluxes. Note that Eq. (4a) is being solved on the
coarse grid. Therefore, the fine-grid data from the base solu-
tion must be transferred to the coarse-grid points.

III. Numerical Algorithm
The perturbation scheme of Eq. (4) can be incorporated
into existing computer codes with relative ease. From a coding
standpoint, it is perhaps more convenient to view the scheme
as the addition of a source term S, that corrects for the effects
of grid coarseness. From this perspective, Eq. (4a) can be
rewritten as

SE+8F=~8/+5°=S§, (52)

where

S'=8/E,+8/F, and S°=8E,+8F,

(5b)

The modification of existing codes requires only the addition
of the term S,.

The implicit approximate factorization scheme® used for
solving the Euler equations in this application is

[1+hr8.A4"][I+h8,B"| AQ"= —h[8.E"+8,F"] (6)

where 4 = dE/0Q and B = 3F/3Q are the flux Jacobians, &
the time step, and AQ" = Q"1 — Q".

In lieu of solving Eq. (6) on a fine grid, S, is added to the
right-hand side and the following equation is solved on a
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coarse grid:
[7+hdam|[I+hd:B") AQ" = —h[8E" + 8 F" —S,] (7)

For a steady-state calculation, the source term is computed
only once and it remains fixed throughout the computation.
Additional storage is required for the source term; but, be-
cause of the reduced number of grid points, all arrays required
by the original algorithm are reduced in size. The net effect is
a substantial reduction in storage requirements.

The Finite Difference Operators

The perturbation solution is computed on a coarse grid.
Therefore, the fine-grid data S/ must be transferred to the
coarse grid by some “restriction” process.

Define If as a restriction operator that transfers the fine-grid
data onto the coarse-grid points. (Notation similar to that of
multigrid techniques is adopted.®) This can be accomplished
by interpolation if the coarse-grid points are not coincident
with fine-grid points or by “injection” when the coarse-grid
points do coincide with fine-grid points.

The difference operators of Eq. (4b) are then defined as

8/E,=If8.Ey(Q,) and 8 E,=8.E(IfQ,) (8)

where 8, without a superscript is an arbitrary finite difference
operator Note that when the fine and coarse grids are identi-
cal, 8/E, is equal to 8E,. The operators 8/ and 8 are
defined analogously.

Restriction Operator, I7

Injection Case

A coarse grid can easﬂy be formed by discarding points of
the fine grid that was used to compute the potential solution.
Then all coarse-grid points are coincident with the fine-grid
points and the restriction operation consists of repacking the
fine-grid data set so that only the data associated with the
coincident points are retained. A “clustered” grid can easily
be formed by retaining most or all of the fine-grid points in
selected regions. Note that in local regions where the fine and
coarse grids are identical (i.e., no nearby points have been
discarded), the term §/ is equal to the term S¢ so that the
source term S, is locally zero and Eq. (4) reverts back to the
standard unperturbed finite difference scheme [Eq. (6)]. This
local cancellation is convenient since, in regions where high
resolution is desirable (for instance, in shock regions), the base
solution may no longer be a nearby solution for the Euler
equations. In this way, the standard Fuler equation is solved
locally.

Interpolation Case

When the coarse-grid points are not coincident with the
fine-grid points, the fine-grid data are interpolated onto the
coarse-grid points. The interpolation scheme used here is a
two-dimensional, second-order-accurate Taylor series expan-
sion. Since the coarse-grid points do not coincide with fine-grid
points, the S/ and S¢ components of the source term are not
equal to each other. Unlike the injection case, the forcing
function S, is nonzero in the entire flowficld, including the
fine-grid regions. To obtain a Euler calculation in the vicinity
of a shock, the forcing function is set to zero locally. This
region can be chosen somewhat arbitrarily. The perturbation
solution is relatively insensitive to variation in the extent of
this region as long as it contains both the isentropic and the
Euler shocks. With the base solution in hand, the location of
this region is known. This region could be located automati-
cally by monitoring entropy prodiiction in the flowfield.

AIAA JOURNAL

Generalized Coordinates

The perturbation procedure has been applied to the Euler
equations in generalized curvilinear coordinates. The perturba-
tion source term is embedded into a finite difference code that
solves the conventional two-dimensional Euler equations in
general curvilinear coordinates.”°

The parent code uses an implicit approximate factorization
algorithm in delta form,’

L.L AQ" = —hL,Q" (9

where
Ly=[I+h8A"— At v, 0,7
L,=[1+h8B"—Au'v,A,J]
L Q" = [8,(£(0") +8,(£(0")]

—€ J T (V) +(v,4,)°190"

and where A = At for first-order accuracy in time, Q, E, F are
transformed vectors, and €; and €, are implicit and explicit
dissipation coefficients.

The source terms defined in Eq. (5) are written in trans-
formed coordinates and added to the right-hand side of Eq.
(9). Some care must be taken to scale the forcing terms by the
appropriate metric terms. The coarse-grid component of the
forcing function $¢ is scaled by the coarse- -grid Jacobian. The
fine-grid component of the forcing function S/ is scaled by a
restricted fine-grid Jacobian. In interpolation cases, the re-
stricted fine-grid Jacobian of Eq. (10b) was approximated by
the coarse-grid Jacobian. In particular, the source term S,
becomes S = 8§~ 8§/ with

§¢ = L0 = 85E,( 05) + 85, 05)
e [(vene)” +(vis)’| 05 (10)
§/=(J5) " [ a0
= (7)1 (T (3LE(2,) +8(F(2,)

—e[(vist) +(vi8))"] &)} (100)

where QO—J II‘(J Qo) and Jf = I7J;. Thus, the perturba-
tion Euler algonthm that replaces Eq (9) is given by

L,L,AQ"= —h[Lp0" - §,] (11)

IV. Results and Discussion

The perturbation Euler scheme of Eq. (11) is solved using a
fully conservative irrotational base solution. The irrotational
code is written in terms of the primitive variables. It is chosen
for use here, because it is directly compatable with the Euler
code. A full potential code such as TAIR? would have run
considerably faster.

The computations used a spatially varying time step where
Az, =Dt/ + m ) and with an explicit smoothing coeffi-
cient of 2. The residual is defined to be the right-hand side of
Eq. (9) divided by At, ;. Acceptable convergence (a drop in
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the residual of 2.5-3 orders of magnitude) is obtained in 300
time steps. The fine-grid potential solution is restricted to the
coarse grid and used as initial conditions for all coarse-grid
cases. (Freestream initial conditions were also tested. No
discernable differences in convergence rate or solution were
found.) For comparison purposes, fine-grid Euler solutions
were also generated. These reference solutions were computed
on the same fine grids used to obtain the base solutions. The
grids are generated by an algebraic grid generator® and all
computations were run on a CDC 7600 computer.

Subcritical Lifting NACA 0012 Case

As a necessary check of the perturbation procedure, a
subcritical inviscid flow solution was obtained for a lifting
airfoil. For a uniform freestream, this flow is irrotational, so
the approximate base solution is also the solution of the Euler
equation. The irrotational base solution for a NACA 0012
airfoil at an angle of attack a of 2 deg and a freestream Mach
number M, of 0.63 was computed on the fine mesh shown in
Fig. 2a. The mesh contains 161 points in the streamwise £
direction and 33 points in the near normal 7 direction.
Surface pressure coefficients for the fine-grid irrotational and
Euler solutions are presented in Fig. 2b. As expected for this
subcritical case, the Euler and irrotational solution are virtu-
ally identical.

The coarse grid of 41 X 33 points shown in Fig. 2¢ was used
to compute coarse-grid Euler and perturbation Euler solu-
tions. Figure 2d shows the coarse- and fine-grid Euler solu-
tions of Eq. (9). It is clear that the grid coarseness gives rise to
unacceptable inaccuracies. A coarse-grid perturbation Euler
solution was computed using the interpolation restriction op-
erator. The forcing function is nonzero in the entire domain.
The perturbation solution is compared with the fine-grid Euler
calculation in Fig. 2d and shows excellent agreement. Com-
parison of interior flowfield data, such as contour plots of
Mach number or pressure, substantiate the accuracy of the
computations.

(e) (‘“
15 : —

Transonic Nonlifting NACA 0012 Case

As a true test of the perturbation procedure, a transonic
rotational case was calculated. The fine-grid base solution was
computed on the 161 X 33 clustered mesh shown in Fig. 3a.
The flowfield conditions are M, = 0.85 and a = 0.0 deg. The
irrotational solution is compared with a fine-grid Euler solu-
tion in Fig. 3b. As is typical for this Mach nimber range, the
irrotational solution overpredicts the shock strength and places
the shock about 10% of chord downstream of the Euler shock.

The 91 X 29 point coarse grid shown in Fig. 3¢ was used to
obtain a perturbation Euler solution. Since the coarse-grid
points do not coincide with the fine-grid points, the interpola-
tion restriction operator must be used and the source terms
are nonzero in the entire domain. To obtain a Euler solution
in the shock region, S, is set to zero from about 57% of chord
to the trailing edge, as shown by the shaded region in Fig. 3c.
The perturbation solution is compared with fine- and coarse-
grid Euler solutions in Fig. 3d. The perturbation Euler solu-
tion shows excellent agreement with the fine-grid Euler solu-
tion. Comparison of the interior data also exhibits excellent
flowfield agreement.

Transonic Lifting NACA 0012 Case

A fine-grid base solution was computed for a NACA 0012
airfoil at M, =0.8 and a=1.0 deg. The 161 X33 point
computational grid is shown in Fig. 4a. Pressure coefficients
for the irrotational solution are compared with a fine-grid
Euler solution in Fig. 4b. Both equation sets predict a strong
shock on the upper surface with the expected discrepancy in
shock location.

An injection coarse grid of 69 X 33 points was used to
compute Euler and perturbation Euler solutions. The coarse
grid is identical to the fine grid in the shaded region shown in
Fig. 4c. Figure 4d shows that the coarse-grid Euler solution
incorrectly predicts the lower surface shock location and un-
derpredicts the upper surface shock strength. The coarse-grid
perturbation solution is in very good agreement with the
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fine-grid Euler solution and, as before, the interior solution
also exhibits good accuracy.

Transonic Lifting RAE 2822 Case

In a similar fashion, a perturbation computation was run
for a lifting transonic RAE 2822 airfoil at M, =0.75 and
a =3 deg. The fine grid is shown in Fig. 5a. The C, distribu-
tion predicted by the irrotational solution is compared with
the fine-grid Euler distribution in Fig. 5b. Note that the
computed base solution has an overshoot near the leading
edge, while the fine-grid Euler does not. This is a more
stringent test of the method because of the rapid expansion at
the leading edge and the grossly inaccurate location of the
irrotational shock at the trailing edge.

The 66 X 29 point coarse grid is shown in Fig. 5c. The
perturbation source term was restricted in both the £ and 7
directions by interpolation and set to zero in the shaded
region in Fig. 5c. The perturbation formulation gives a consid-
erable improvement over the standard formulation, but
overpredicts the leading-edge expansion and places the shock
2.5% upstream of the fine-grid Euler shock. (See Fig. 5d.) This
result underscores the relationship between the quality of the
base solution and the quality of the perturbation solution. The
perturbation formulation yields an improvement over the
standard formulation on a coarse grid, if the base solution is a
“good” approximation to the fine-grid Euler solution over
most of the domain. Since the perturbation source term sup-
plies gradient information, the effect of an overshoot in the
base solution is amplified and the perturbation solution may
show some degradation in that region. Similarly, if the gradi-
ent of the base solution is of the wrong sign, it is reflected in
the perturbation solution by a local decrease in accuracy. In
this case, the information supplied by the base solution is
driving the perturbation solution to an inaccurate leading-edge
expansion, which in turn leads to a less accurate shock lo-
cation.

Even so, the perturbation solution compares favorably with
the fine-grid Euler solution.

Summary of Results

In summary, the perturbation Euler solutions were able to
accurately capture steady, two-dimensional transonic solutions
on very coarse grids. The addition of the potential source term
was able to alleviate or eliminate the effect of grid coarseness
in the perturbation Euler computations. For 300 time steps on
a CDC 7600 computer, fine-grid Euler computations required
between 680 and 1025 s while perturbation Euler computa-
tions required between 175 and 400 s.

V. Conclusions

The perturbation scheme has been applied for steady, in-
viscid transonic solutions of the two-dimensional Euler equa-
tions using a conservative irrotational base solution. This
scheme is able to accurately resolve the flowfield on a coarse
mesh for which the standard Euler algorithm produces an
unacceptable solution. The perturbation Euler scheme reduced

_ the computation time by a factor of 2-4 and produced a net
reduction in array storage of 26-70% over that of the fine-grid
Euler calculation. The perturbation scheme is easily embedded
into existing codes by the addition of a simple source term
and traditional means of accelerating iterative convergence
can still be used.

The perturbation scheme could be used in a design cycle,
where potential solutions are generated routinely, and the
Euler perturbation method could be used as a second-cut
analysis. However, the concept has much broader implica-
tions. Other equation sets could be coupled; for instance, the
Navier-Stokes equations could be perturbed about a full
potential /boundary-layer solution. Extension to three dimen-
sions would compound the reduction in computation time.
The perturbation scheme could also be developed for a patch-
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type mesh. In this instance, a fine-grid patch could be em-
bedded into a grid that is very coarse in both the streamwise
and nearly normal directions, thus increasing computational
savings. Application of the perturbation scheme has yielded
promising results for the Euler/full potential coupling.
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